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0.2  Û�Gamma¼ê

0.2.1 Gamma ¼ê�)P

Æp�êÆ��ÿ§·�ÑÆSLXe����k:ÛA�Gamma¼ê

Γ(x) =

∫ ∞
0

tx−1e−tdt

ÏL©ÜÈ©��{§�±í�Ñù�¼êkXe�485�

Γ(x+ 1) = xΓ(x)

u´éN´y²§Γ(x) ¼ê�±�¤´�¦3¢ê8þ�òÿ§äkXe5�

Γ(n) = (n− 1)!

ÆS
Gamma ¼ê��§õc±5·��kü�¦¯µ

1. ù���ùo%É���¼ê§êÆ[´XÛé��¶

2. �Û½ÂΓ ¼ê��ÿ§Ø¦�ù�¼ê�½Â÷vΓ(n) = n! 


´Γ(n) = (n− 1)!
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�C�
�
]�§uykØ�©z]�0�Gamma ¼êuy�{¤§

�`�Ù§I��½�êÆí�§ù��´{��`�
Ì�"

1728c§x�nâ3�Äê����¯K§Ï��`Ò´rê��Ï�ú

ª½Âl�ê8Üòÿ�¢ê8Ü§~Xê�1, 4, 9, 16, · · · �±^Ï�úªn2

g,�L�§=Bn �¢ê��ÿ§ù�Ï�úª�´ûÐ½Â�"�*�`

�Ò´�±é��^²w�­�ÏLy = x2ÏL¤k��ê:(n, n2)ù
:§

l
�±r½Â3�ê8þ�úªòÿ�¢ê8Ü"�Ux�nâm©?n�

¦S�1, 2, 6, 24, 120, 720, · · · , ·��±O�2!, 3!, ´Ä�±O�2.5!Qº·�r

�Ð��
(n, n!)�:x3�I¶þ§(¢�±w�§N´xÑ�^ÏLù


:�²w­�

Figure 1: ÏL(n, n!)�­�

x�nâÃ{)ûù�¯K§u´�&��Z�.d.�ã|Ú¦�33û

Z�.�ã|§duî.��ÚûZ�.�ã|3�¬§¦�Ïd��
ù�¯

K"
î.u1729 c�{�)û
ù�¯K§dd��
Γ ¼ê��)§��

î.�k22�"

¯¢þÄk)ûn!���O�¯K�´ûZ�.�ã|§¦uy§X

Jm,nÑ´��ê§XJm→∞§k
1 · 2 · 3 · · ·m

(1 + n)(2 + n) · · · (m− 1 + n)
(m+

n

2
)n−1 → n!

u´^ù�Ã¡¦È��ª�±rn!�½Âòÿ�¢ê8Ü"~X§�n = 2.5,
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m v
�§ÄuþªÒ�±CqO�Ñ2.5!"

î.�ó,�uyn! �±^Xe���Ã¡¦ÈL�[(2

1

)n 1

n+ 1

][(3

2

)n 2

n+ 2

][(4

3

)n 3

n+ 3

]
· · · = n! (1)

^4�/ª§ù�ªf�n��±��

lim
m→∞

1 · 2 · 3 · · ·m
(1 + n)(2 + n) · · · (m+ n)

(m+ 1)n = n! (2)

�>�±�n�

1 · 2 · 3 · · ·m
(1 + n)(2 + n) · · · (m+ n)

(m+ 1)n

=1 · 2 · 3 · · ·n · (n+ 1)(n+ 2)m

(1 + n)(2 + n) · · ·m
· (m+ 1)n

(m+ 1)(m+ 2) · · · (m+ n)

=n!
(m+ 1)n

(m+ 1)(m+ 2) · · · (m+ n)

=n!

n∏
k=1

m+ 1

m+ k
→ n! (m→∞)

¤±(1)!(2)ªÑ¤á"

î.m©}Ál�
{ü�~fm©��
O�§ww´Äk5Æ�Ì§

î.4Ùò�êÆ�*	�8B"�n = 1/2 ��ÿ§�\(1)ªO�§�n�

�±�� (1

2

)
! =

√
2 · 4
3 · 3

· 4 · 6
5 · 5

· 6 · 8
7 · 7

· 8 · 10

9 · 9
· · ·

,
m>�ÐÚÍ¶�Wallis úª'é"Wallis 31665c¦^���{O��

�­�y =
√
x(1− x) e�¡È(�Ò´�»�1���¡È)��ÿ§��'

uπ�Xe(J§
2 · 4
3 · 3

· 4 · 6
5 · 5

· 6 · 8
7 · 7

· 8 · 10

9 · 9
· · · = π

4

u´§î.|^Wallis úª��
Xe��é¤��(J(1

2

)
! =

√
π

2

î.ÚpdÑ´äk���ú�êÆ[§�´î.Úpd�º�»É"p

d´�P	k§êÆþ�~î>§uL(J��ÿ%Ñrg��è,!�§�

3e¤��(J§ùç�
�
êÆ[épd�1µ¶
î.�º�ØÓ§²

~ÏL²��ú��ÿ�ßÿ§
¦�©Ù¥  3e¦XÛ�êÆß��è

,§
©Ùk��ÿØyØ
î>".Ê.dQ`Lµ0ÖÖî.,¦´¤k<
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Figure 2: �êÆ[î.

�P�"0Å|æ3¦�¶Í5êÆ�ß�6¥�éî.�êÆ8BÚß���

ªíÂ��"

î.w�( 1
2 )! ¥Ø,kπ, éêÆ[
ó§kπ �/�7,kÚ��'�

È©"ddî.ßÿn! �½�±L��,«È©/ª§u´î.m©}Árn!

L��È©/ª"�,Wallis ����È©�vku²Ñ5§Wallis ´¦^

����ª�í�O��§�´Wallis úª�í�L§Ä�þÒ´3?nÈ

©
∫ 1

0
x

1
2 (1− x)

1
2 dx§ÉWallis �éu§î.m©�ÄXe���/ª�È©

J(e, n) =

∫ 1

0

xe(1− x)ndx

d?n ���ê§e ��¢ê"|^©ÜÈ©�{§N´��

J(e, n) =
n

e+ 1
J(e+ 1, n− 1)

­E¦^þãS�úª§�ª�±��

J(e, n) =
1 · 2 · · ·n

(e+ 1)(e+ 2) · · · (e+ n+ 1)

u´î.��Xe��­��ªf

n! = (e+ 1)(e+ 2) · · · (e+ n+ 1)

∫ 1

0

xe(1− x)ndx

�e5§î.¦^
�:O�E|§�e = f/g ¿�-f → 1, g → 0, ,�éþ

ªm>O�4�(4�O��L§d?Ñ�§í�ØJ§k,��ÓÆw�¡�

ë�©zj)§u´î.��Xe{'¤��(Jµ

n! =

∫ 1

0

(− log t)ndt

5



î.¤õ�rn!L��
È©/ª�XJ·����C�t = e−u,Ò�±��·

�~��Gamma ¼ê/ª

n! =

∫ ∞
0

une−udu

u´,|^þªr�¦òÿ�¢ê8þ§·�Ò��Gamma ¼ê���/ª

Γ(x) =

∫ 1

0

(− log t)x−1dt =

∫ ∞
0

tx−1e−tdt

Figure 3: Γ(x)

Gamma ¼êé�
§·�5ww1��¯K§�ÛGamma ¼ê�½Â

�Γ(n) = (n − 1)!, ùwå5ÍOÛ�"XJ·���?��e§rGamma ¼

ê½Â¥�tx−1 O��tx

Γ(x) =

∫ ∞
0

txe−tdt

ùØÒ�±¦�Γ(n) = n!
ì"î.�@�Gamma¼ê½Â�ý´Xþ¤«§

ÀJ
Γ(n) = n!§�´î.Ø�Ñu�o�Ï§�Y?U
Gamma ¼ê�½

Â§¦�Γ(n) = (n− 1)!"
��V4��êÆ[éGamma ¼ê�?�Ú�\

ïÄ¥§@�
ù�½Â§u´ù�½ÂÒ¤�
Q¤¯¢"kêÆ[ßÿ§

���U��Ï´î.ïÄ
XeÈ©

B(m,n) =

∫ 1

0

xm−1(1− x)n−1dx

ù�¼êy3¡�Beta¼ê"XJGamma¼ê�½ÂÀ�÷vΓ(n) = (n−1)!,

@ok

B(m,n) =
Γ(m)Γ(n)

Γ(m+ n)
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�~¤��é¡/ª"�´XJÀ�Γ(n) = n! �½Â§-

E(m,n) =

∫ 1

0

xm(1− x)ndx

Kk

E(m,n) =
Γ(m)Γ(n)

Γ(m+ n+ 1)

ù�/ªw,ØXB(m,n)`{§
êÆ[o´é3�êÆúª�{a�"

�
)�õ�Gamma ¼ê�{¤§í��Ö

• Philip J. Davis, Leonhard Euler’s Integral: A Historical Profile of the

Gamma Function

• Jacques Dutka, The Early History of the Factorial Function

• Detlef Gronnau, Why is the gamma function so as it is?

0.2.2 Gamma ¼ê!ü

Each generation has found something of interest to say about the

gamma function. Perhaps the next generation will also.

—Philip J.Davis

Gamma ¼êl§�)m©Ò�NõêÆ[?1ïÄ§�)pd!V4�!

%�dA.d!7����"ù�¼ê3y�êÆ©Û¥��\ïÄ§3VÇ

Ø¥�´Ã?Ø3§éõÚO©ÙÑÚù�¼ê�'"Gamma ¼ê���¦

�í2§Äk§�kÚStirling úªaq���(Ø

Γ(x) ∼
√

2πe−xxx−
1
2

,	§Gamma ¼êØ=�±½Â3¢ê8þ§��±òÿ���E²¡þ"

Figure 4: E²¡þ�Gamma ¼ê
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Gamma ¼êkéõ©^§§Ø�¦�(1/2)! �O�k¿Â§�U*Ðé

õÙ¦�êÆVg"'X�ê§·��5�U½Â��!����ê��ê§

k
Gamma ¼ê·��±r¼ê�ê�½Âòÿ�¢ê8§l
�±O�1/2

��ê,Ó��È©���ê�_$���±k©ê�"·�k�Ä�exn �

���ê

Figure 5: xn ����ê

duk��ê�±^�¦L�§u´·�^Gamma ¼êL��

Γ(n+ 1)

Γ(n− k + 1)
xn−k

u´Äuþª§·��±r�ê��l�êòÿ�¢ê8"~X§�n = 1, k =
1
2 ·��±O�x �

1
2��ê�

Γ(1 + 1)

Γ(1− 1/2 + 1)
x1−1/2 =

2
√
x√
π

éN´��éu���¼êf(x) ÏLTaylor ?êÐm�±L���?ê§u

´/^xn �©ê��ê§·��±}Á½ÂÑ?¿¼ê�©ê��ê"ØL

k:¢Ã�´ù«½Â�{¿�û½Â�§Ø´é¤k¼êÑ·^§�´ù

�g�%´�êÆ[2�æB
§¿dduÐ
êÆ©Û¥���ïÄ�Kµ

Fractional Calculus, 3ù«�È©¥§©ê���êÚÈ©Ñäkû½Â§


ùtÑ�6uGamma ¼ê"

Gamma ¼êÚî.~êγ k��'X§�±uy

γ = −dΓ(x)

dx
|x=1 = lim

n→∞
(1 +

1

2
+

1

3
+ · · ·+ 1

n
− log n)

?�Ú��±uyGamma ¼êÚiù¼êζ(s)k��éX§

ζ(s) = 1 +
1

2s
+

1

3s
+ · · ·
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ζ ¼ê�9
êÆ¥Í¶�iùß�Ú�ê�©Ù½n"F�ËAQ`§X

J¦3�Z1000c�25, ¦ò¯�1��¯KB´:iùß���y²
íº

Figure 6: log Γ(x)

lGamma ¼ê�ã�·��±w�§´��à¼ê, Ø=Xd, log Γ(x)

�´��à¼ê§êÆþ�±y²Xe½n:

½n0.2.1 (Bohr-Mullerup) XJf : (0,∞)→ (0,∞),�÷v

1. f(1) = 1

2. f(x+ 1) = xf(x)

3. log f(x) ´à¼ê

@of(x) = Γ(x), �Ò´Γ(x)´��÷v±þ^��¼ê"

Xe¼ê�¡�Digamma ¼ê§

Ψ(x) =
d log Γ(x)

dx

ù�´��é­��¼ê§3�9¦Dirichlet ©Ù�'�ëê�4�q,�O

�§  I�¦^�ù�¼ê"Digamma ¼êäkXe��¤��5�

Ψ(x+ 1) = Ψ(x) +
1

x

¼êΨ(x)Úî.~êγ ±9ζ ¼êÑk��'X§-

Ψn(x) =
dn+1 log Γ(x)

dxn+1

KΨ0(x) = Ψ(x),�±y²

Ψ(1) = −γ,Ψ(2) = 1− γ
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Ψ1(1) = ζ(2) =
π2

6
,Ψ2(1) = −2ζ(3)

¤±Gamma ¼ê3êÆþ´ék�å�§§3êÆþA^2�§Ø=

U
���n���)éÐ�n)§��qv
���§äkéõ¤��ê

Æ5�§{¤þáÚ
¯õ�6�êÆ[é§?1ïÄ"{IêÆ[Philip

J.Davis �
�ék¶�0�Gamma ¼ê�©Ùµ/Leonhard Euler’s Integral:

A Historical Profile of the Gamma Function0§©¥éGamma ¼ê�
A5u

y�{¤?1
é�[�£ã§ù�©Ù¼�
Chauvenet Prize({IêÆ¬

�u�êÆ�Ê�pø)"

0.2.3 l��©Ù�Gamma ©Ù

Gamma ¼ê3VÇÚO¥ª�y�§¯õ�ÚO©Ù§�)~��ÚO

Æn�©Ù(t ©Ù§χ2 ©Ù§F ©Ù)!Beta©Ù!Dirichlet ©Ù��Ýúª

¥ÑkGamma ¼ê��K¶�,u)���éX�VÇ©Ù´��dGamma

¼êC����Gamma ©Ù"éGamma ¼ê�½Â���C/§Ò�±��

Xeªf ∫ ∞
0

xα−1e−x

Γ(α)
dx = 1

u´§�È©¥�¼ê��VÇ�Ý§Ò����/ª�{ü�Gamma ©Ù

��Ý¼ê

Gamma(x|α) =
xα−1e−x

Γ(α)

XJ���C�x = βt, Ò��Gamma ©Ù�����/ª

Gamma(t|α, β) =
βαtα−1e−βt

Γ(α)

Ù¥α ¡�shape parameter, Ì�û½
©Ù­��/G;
β ¡�rate param-

eter ½öinverse scale parameter ( 1
β ¡�scale parameter),Ì�û½­�kõ

Í"

Gamma ©Ù3VÇÚO+��´���<�§¯õÚO©ÙÚ§k��

'X"�ê©ÙÚχ2 ©ÙÑ´AÏ�Gamma ©Ù",	Gamma ©Ù��k

�©Ù´ér��§3��dÚO©Û¥�2��^�Ù§©Ù�k�"X

JrÚO©Ù¥��Ý'Xa'�<a)¹¥��¿'X�{§@�ê©Ù!

Poission©Ù!��©Ù!éê��©ÙÑ�±´Gamma ©Ù��<"�e5

�SN¥¥·�Ì�'5β = 1�{ü/ª�Gamma ©Ù"
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Figure 7: Gamma(t|α, β)©Ùã�

Gamma ©ÙÄkÚPoisson ©Ù!Poisson L§u)���éX"·�N

´uyGamma ©Ù�VÇ�ÝÚPoisson ©Ù3êÆ/ªþäkpÝ���

5"ëê�λ�Poisson ©Ù§VÇ��

Poisson(X = k|λ) =
λke−λ

k!

3Gamma ©Ù��Ý¥�α = k + 1 ��

Gamma(x|α = k + 1) =
xke−x

Γ(k + 1)
=
xke−x

k!

¤±ùü�©ÙêÆ/ªþ´���§�´Poisson ©Ù´lÑ�§Gamma ©

Ù´ëY�§�±�*�@�Gamma ©Ù´Poisson ©Ù3�¢ê8þ�ëY

z��"

ù«êÆþ���5´ó,�íºù�¯K·�<Q²g�
éÈ§

ªu�²x
l��©ÙÑuUrGamma ©ÙÚPoisson ©Ù;�éXå

5"·�3VÇÚO¥ÑÆLPoisson(λ) ©Ù�±w¤´��©ÙB(n, p)

3np = λ, n → ∞ ^�e�4�©Ù"XJ\é��©Ù'5�v
õ§�U
¬����©Ù��ÅCþX ∼ B(n, p)÷vXe��éÛ©�ð�ª

P (X ≤ k) =
n!

k!(n− k − 1)!

∫ 1

p

tk(1− t)n−k−1dt (3)

ù��ª�A�´��©ÙÚBeta ©Ù�m�'X§y²¿ØJ§§�

±^��Ôn�.�*��VÇ)º§
ØI�¦^E,�êÆ©Û��{�

y²"duù�)ºÚBeta ©Ùk;��éX§¤±ù��*�VÇ)º·
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���e��Ù!§ù)Beta/Dirichlet ©Ù��ÿ?1"d?·�6�k«

@(3)ù��ª¤á"·�3�ªmý���C�t = x
n ,��

P (X ≤ k) =
n!

k!(n− k − 1)!

∫ 1

p

tk(1− t)n−k−1dt

=
n!

k!(n− k − 1)!

∫ n

np

(
x

n
)k(1− x

n
)n−k−1d

x

n

=
(n− 1)!

k!(n− k − 1)!

∫ n

np

(
x

n
)k(1− x

n
)n−k−1dx

=

∫ n

np

(
n− 1

k

)
(
x

n
)k(1− x

n
)n−k−1dx

=

∫ n

np

Binomial(Y = k|n− 1,
x

n
)dx (4)

þª�ý´��©ÙB(n, p), 
mý�Ã¡õ���©ÙB(n − 1, xn )�È©Ú,

¤±�±��

Binomial(X ≤ k|n, p) =

∫ n

np

Binomial(Y = k|n− 1,
x

n
)dx (5)

¢Sþ§é(5)ªü>3^�np = λ, n → ∞ e�4�§K�>kB(n, p) →
Poisson(λ), 
m>kB(n− 1, xn )→ Poisson(x),¤±��

Poisson(X ≤ k|λ) =

∫ ∞
λ

Poisson(Y = k|x)dx (6)

rþªm>�Possion ©ÙÐm§u´��

Poisson(X ≤ k|λ) =

∫ ∞
λ

Poisson(Y = k|x)dx =

∫ ∞
λ

xke−x

k!
dx

¤±éu���Xe��­�
k���ª

Poisson(X ≤ k|λ) =

∫ ∞
λ

xke−x

k!
dx (7)

�e5·�UY
:Ð
�§éþ>��ªü>3λ → 0 e�4�§�

ýPoisson©Ù´���u)k�¯��VÇ§λ → 0 ��ÿÒØ�Uk¯�u

)
§¤±P (X ≤ k)→ 1, u´·���

1 = lim
λ→0

∫ ∞
λ

xke−x

k!
dx =

∫ ∞
0

xke−x

k!
dx

3ù�È©ªf`²f(x) = xke−x

k! 3�¢ê8þ´��VÇ©Ù¼ê§
ù�

¼êTÐÒ´Gamma ©Ù"·�UYrþªm>¥�k! £��>§u´��

k! =

∫ ∞
0

xke−xdx
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u´·���
k! L«�È©��{"

w§·�l��©Ù����ªÑu, Ó�|^��©Ù�4�´Possion

©Ùù�5�§Äu'�{ü�Ü6§í�Ñ
Gamma ©Ù§Ó�rk! L

��Gamma ¼ê
�¢Sþ±þí�L§´�Ñ
,	�«�é{ü�u

yGamma ¼ê�å»"

£LÞ·�ww(7)ª,�~k¿g§§�A
Possion ©ÙÚGamma ©Ù

�'X§ù�Ú(3)ª¥¥�A���©ÙÚBeta ©Ù�'Xäk���Ó�

(�"r(7)ªC/�e��

Poisson(X ≤ k|λ) +

∫ λ

0

xke−x

k!
dx = 1

·��±w�§Poisson©Ù�VÇ\È¼êÚGamma ©Ù�VÇ\È¼êk

pÖ�'X"

Ù¢(3)Ú(7)ùü�ªfÑ´�FV�¬�5VÇØ�ênÚO6ù�Ö

1�Ù���SK§ØL�P�SK�Y¥��y²g´´X{êÆ©Û�y

²�{§�,Uy²�ª¤á§�´w�y²�Ã{²xùü��ª´XÛ�

uy�"þ��ØãL§`²§l��©ÙÑu§ùü��ªÑk�±éÐ�

lVÇ�Ý?1n)"F"±þ�í�L§U��[�5�
éGamma ¼ê

ÚGamma ©Ù�#�n)§4Gamma ©ÙØ2 �"((7)ª´Ð�VÇØ�

��(Ø§�¡Possion-Gamma duality, ��±lPossion ©Ù?1í�§ØL

ù�¦�[éPossion L§k�½�@£")

0.3 @£Beta/Dirichlet©Ù

0.3.1 g��iZ—@£Beta ©Ù

ÚOÆÒ´ßÿþ2�iZ,�,·�Øo´kÅ¬ßÿþ2§$íØÐ�

�ÿÒ�@Ý <�%g"k�U\� <g�8r
§g�`µ/\�<a

éh²§
·´é;a�§Ú\
��iZ§I
Ò�±r§ÄKr(µÑñ

�·"iZ�5Ké{ü§·k�� Ý§þ¡k��UÜ§\zU�eUÜ§

Òþ!�ÑÑ��[0,1]�m��Åê§·y3U10e§·Ãþk10�ê§\ß

17��ê´�o§ lØ�L0.01Ò�é"0\ATNoßQº

lêÆ��ÝÄ��e§þ¡ù�iZ£ãXe

13



Algorithm 1 iZ1

1: X1, X2, · · · , Xn
iid∼Uniform(0, 1)§

2: rùn ��ÅCþüS���^SÚOþX(1), X(2) · · · , X(n),

3: ¯X(k) �©Ù´�o

éuØU�êÆ�ÓÆ
ó§�Oz�VÇ©ÙÑ´��� §@3VÇ

ÚOÆ¥§þ!©ÙAT��þ´�õ. Ý§A�¤k­��VÇ©ÙÑ�

±lþ!©ÙUniform(0, 1)¥)¤Ñ5"

Figure 8: �õ. Ý

éuþ¡�iZ
ón = 10, k = 7, XJ·�U¦ÑX(7) �©Ù�VÇ

�Ý§@o^VÇ�Ý�4�:��ßÿÒ´�Ð�üÑ"éu����/§

X(k) �©Ù´�oQº@·�}ÁO��eX(k) á3��«m[x, x+ ∆x] �V

Ç§�Ò´¦XeVÇ�

P (x ≤ X(k) ≤ x+ ∆x) =?

r[0,1]«m©¤nã[0, x), [x, x+ ∆x], (x+ ∆x, 1], ·�k�Ä{ü��/§

b�n �ê¥�k��á3
«m[x, x+ ∆x]S§KÏ�ù�«mS�êX(k)´

1k��§K[0, x)¥ATkk − 1 �ê§(x, 1]ù�«m¥ATkn− k �ê"Ø

14



���5§·�k�ÄXe��ÎÜþã�¦�¯�E

E = {X1 ∈ [x, x+ ∆x],

Xi ∈ [0, x) (i = 2, · · · , k),

Xj ∈ (x+ ∆x, 1] (j = k + 1, · · · , n)}

Figure 9: ¯�E

Kk

P (E) =

n∏
i=1

P (Xi)

= xk−1(1− x−∆x)n−k∆x

= xk−1(1− x)n−k∆x+ o(∆x)

o(∆x)L«∆x�p�Ã¡�"w,§duØÓ�ü�|Ü§=n�ê¥k�

�á3[x, x + ∆x]«m�kn«�{§{en − 1�ê¥kk − 1�á3[0, x)�

k
(
n−1
k−1

)
«|Ü§¤±Ú¯�E�d�¯���kn

(
n−1
k−1

)
�"

UY�Ä��E,�:�/§b�n �ê¥kü�êá3
«m[x, x +

∆x]§

E′ = {X1, X2 ∈ [x, x+ ∆x],

Xi ∈ [0, x) (i = 3, · · · , k),

Xj ∈ (x+ ∆x, 1] (j = k + 1, · · · , n)}

Kk

P (E′) = xk−2(1− x−∆x)n−k(∆x)2 = o(∆x)

15



Figure 10: ¯�E′

l±þ©Û·�éN´wÑ§��á3[x, x + ∆x]S�êi�L��§K

éA�¯��VÇÒ´o(∆x)"u´

P (x ≤ X(k) ≤ x+ ∆x)

= n

(
n− 1

k − 1

)
P (E) + o(∆x)

= n

(
n− 1

k − 1

)
xk−1(1− x)n−k∆x+ o(∆x)

¤±§�±��X(k)�VÇ�Ý¼ê�

f(x) = lim
∆x→0

P (x ≤ X(k) ≤ x+ ∆x)

∆x

= n

(
n− 1

k − 1

)
xk−1(1− x)n−k

=
n!

(k − 1)!(n− k)!
xk−1(1− x)n−k x ∈ [0, 1]

|^Gamma ¼ê§·��±rf(x) L��

f(x) =
Γ(n+ 1)

Γ(k)Γ(n− k + 1)
xk−1(1− x)n−k

�P� Û�Gamma ¼ê�±réõêÆVgl�ê8Üòÿ�¢ê8Üj"

·�3þª¥�α = k, β = n− k + 1, u´·���

f(x) =
Γ(α+ β)

Γ(α)Γ(β)
xα−1(1− x)β−1 (8)

ù�Ò´��¿Âþ�Beta ©Ù��±y²§3α, β��K¢ê��ÿ§ù�

VÇ�Ý¼ê�Ñ´û½Â�"

Ð§·�£� <�iZ§ùn = 10, k = 7ù�äN�¢~¥§·�Uì

Xe�Ý©Ù�¸��ßÿâ´�krº�"

f(x) =
10!

(6)!(3)!
x6(1− x)3 x ∈ [0, 1]

16



,
=BXd§·�U���gß¥�VÇ�Øp§éØ3§\1�gv

kß¥§ <��X`µ/·2;a�:§2�\��Å¬§\U5eù�Åì§

\Ò��
5�[0,1]�m��Åê§,�·�±w�\ù5�ê¥�z��§Ú

·�17��ê�'§X�X�§,�\UYß·ÃÞ�17��ê´õ�"0ù

�ÿ·�ATNoßÿQº

0.3.2 Beta-Binomial �Ý

 <�1��K8§êÆþ/ªz�e§Ò´

Algorithm 2 iZ2

1: X1, X2, · · · , Xn
iid∼Uniform(0, 1)§ ü S � é A � ^ S Ú O

þX(1), X(2) · · · , X(n), ·��ßÿp = X(k)¶

2: Y1, Y2, · · · , Ym
iid∼Uniform(0, 1), Yi¥km1�'p�§m2�'p�¶

3: ¯P (p|Y1, Y2, · · · , Ym) �©Ù´�o"

dup = X(k)3X1, X2, · · · , Xn¥´1k��§|^Yi�&E§·�N´í

n��p = X(k) 3X1, X2, · · · , Xn, Y1, Y2, · · · , Ym
iid∼Uniform(0, 1) ù(m+n)�

Õá�ÅCþ¥´1k + m1��§u´Uìþ���!�ín§d�p = X(k)

�VÇ�Ý¼ê´Beta(p|k+m1, n− k+ 1 +m2)"Uì��dín�Ü6§·

�r±þL§�nXeµ

1. p = X(k)´·��ßÿ�ëê§·�í�Ñp�©Ù�f(p) = Beta(p|k, n−
k + 1),¡�p �k�©Ù¶

2. êâYi¥km1�'p�§m2�'p�§Yi��u´�
mg�ã|¢�§

¤±m1 Ñl��©ÙB(m, p)¶

3. 3�½
5gêâJø�(m1,m2)��£�§p���©ÙC�f(p|m1,m2) =

Beta(p|k +m1, n− k + 1 +m2)

·�����dëê�O�Ä�L§´

k�©Ù+ êâ��£= ��©Ù

±þ��d©ÛL§�{ü�*�LãÒ´

Beta(p|k, n− k+ 1) +BinomCount(m1,m2) = Beta(p|k+m1, n− k+ 1 +m2)

17



Figure 11: �ã|¢�

Ù¥(m1,m2) éA�´��©ÙB(m1 +m2, p)�Oê"����§éu�K¢

êα, β§·�kXe'X

Beta(p|α, β) +BinomCount(m1,m2) = Beta(p|α+m1, β +m2) (9)

ù�ªf¢Sþ£ã�Ò´Beta-Binomial �Ý§d?�Ý�¿gÒ´§ê

âÎÜ��©Ù��ÿ§ëê�k�©ÙÚ��©ÙÑU�±Beta ©Ù�/

ª§ù«/ªØC�Ð?´§·�U
3k�©Ù¥D�ëêé²(�Ôn¿

Â§ù�Ôn¿Â�±òY���©Ù¥?1)º§Ó�lk�C����L

§¥lêâ¥Ö¿��£�N´kÔn)º"


·�l±þL§�±w�§Beta ©Ù¥�ëêα, βÑ�±n)�ÔnO

ê§ùü�ëê²~�¡��Oê(pseudo-count)"Äu±þÜ6§·���±

rBeta(p|α, β)�¤eª5n)

Beta(p|1, 1) +BinomCount(α− 1, β − 1) = Beta(p|α, β) (10)

Ù¥Beta(p|1, 1) TÐÒ´þ!©ÙUniform(0, 1)"

éu(10)ª§·�Ù¢��±X{l��d��Ý5?1í�Ún)"

b�k��Øþ!�M1�Ñ�¡�VÇ�p,�mg�Ñy�¡Ú�¡�g

ê©O´m1,m2§@oUDÚ�ªÇÆ�*:§p��O�AT�p̂ = m1

m"


l��dÆ��*:5w§m©éM1Øþ!5�Ã¤�§¤±ATb

�p ∼ Uniform(0, 1), u´k
��©Ù�Oê(m1,m2) ��§Uì��dú

18



ªXeO�p ���©Ù

P (p|m1,m2) =
P (p) · P (m1,m2|p)

P (m1,m2)

=
1 · P (m1,m2|p)∫ 1

0
P (m1,m2|t)dt

=

(
m
m1

)
pm1(1− p)m2∫ 1

0

(
m
m1

)
tm1(1− t)m2dt

=
pm1(1− p)m2∫ 1

0
tm1(1− t)m2dt

O������©Ù�Ð´Beta(p|m1 + 1,m2 + 1)"

Figure 12: zC(�Beta©Ù

Beta ©Ù�VÇ�Ý·�r§x¤ã§¬uy§´�zC(�§§�±´

]�!à�!üNþ,�!üNeü�¶�±´­���±´��§
þ!©

Ù�´AÏ�Beta©Ù§Öö�ëw���Õþ�Beta ©ÙDemo§ÏLN!

ëêα, β �±*	Beta ©Ù��«/�""duBeta ©ÙU
[ÜXd�õ�

/G§Ïd§3ÚOêâ[ÜÚ��d©Û¥�2�¦^"

3þ���!¥§·�l��©Ùí�Gamma ©Ù��ÿ§¦^
Xe

19
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��ª

P (C ≤ k) =
n!

k!(n− k − 1)!

∫ 1

p

tk(1− t)n−k−1dt, C ∼ B(n, p) (11)

y3�[�±w�§�>´��©Ù�VÇ\È§m>¢Sþ´Beta(t|k +

1, n − k) ©Ù�VÇÈ©"ù�ªf3þ��!¥¿vk�Ñy²§e¡·�

|^Ú <�iZaq�VÇÔnL§?1y²"

·��±Xe�E��©Ù§��ÅCþX1, X2, · · · , Xn
iid∼Uniform(0, 1),

��¤õ��ã|¢�Ò´Xi < p,ÄKL«�},u´¤õ�VÇ�p"C^u

Oê¤õ�gê§u´C ∼ B(n, p)"

Figure 13: �ã|¢��õ¤õkg

w,·�kXeªf¤á

P (C ≤ k) = P (X(k+1) > p)

d?X(k+1)´^SÚOþ§�1k + 1��ê"�ª�>L«�ã|¢�¤õg

ê�õkg§m>L«1k + 1 ��ê7,éAu�}��ã|¢�§l
�}

gê��´n−kg§¤±�mü>´�d�"duX(k+1) ∼ Beta(t|k+1, n−k),

u´

P (C ≤ k) = P (X(k+1) > p)

=

∫ 1

p

Beta(t|k + 1, n− k)dt

=
n!

k!(n− k − 1)!

∫ 1

p

tk(1− t)n−k−1dt

��·�2£� <�iZ§XJ\UÑ�5��Åêi¥§ <w�\

k2��u§Ã¥17��ê§@o\ATUìXeVÇ©Ù�¸��ßÿ´�

Ð�

Beta(x|9, 7) =
15!

(8)!(6)!
x8(1− x)6 x ∈ [0, 1]
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é3$�§\ùgß¥
§ <m©Q6
µù�iZé\5`�{ü
§

·�\�:JÝ§·�­#5�g§·U Ý20e)¤20��Åê§\Ó��

·ß17�Ú113��ê´�o§ù�ÿATXÛßÿQº

0.3.3 Dirichlet-Multinomial �Ý

éu <C�\x�#�iZ5K§êÆ/ªzXeµ

Algorithm 3 iZ3

1: X1, X2, · · · , Xn
iid∼Uniform(0, 1)§

2: üS�éA�^SÚOþX(1), X(2) · · · , X(n),

3: ¯(X(k1), X(k1+k2))�éÜ©Ù´�o¶

��aqu1��iZ�í�L§§·��±?1Xe�VÇO�(�
ê

Æúª�{'é¡§·��x3÷vx1 + x2 + x3 = 1,��kx1, x2´Cþ)

Figure 14: (X(k1), X(k1+k2))�éÜ©Ùí�

P
(
X(k1) ∈ (x1, x1 + ∆x), X(k1+k2) ∈ (x2, x2 + ∆x)

)
= n(n− 1)

(
n− 2

k1 − 1, k2 − 1

)
xk1−1

1 xk2−1
2 xn−k1−k23 (∆x)2

=
n!

(k1 − 1)!(k2 − 1)!(n− k1 − k2)!
xk1−1

1 xk2−1
2 xn−k1−k23 (∆x)2

u´·���(X(k1), X(k1+k2))�éÜ©Ù´

f(x1, x2, x3) =
n!

(k1 − 1)!(k2 − 1)!(n− k1 − k2)!
xk1−1

1 xk2−1
2 xn−k1−k23

=
Γ(n+ 1)

Γ(k1)Γ(k2)Γ(n− k1 − k2 + 1)
xk1−1

1 xk2−1
2 xn−k1−k23

ÙGDirichlet�ÓÆ�úÒ�±wÑ§þ¡ù�©ÙÙ¢Ò´3�/ª�Dirichlet

©ÙDir(x1, x2, x3|k1, k2, n − k1 − k2 + 1)"-α1 = k1, α2 = k2, α3 = n − k1 −
k2 + 1,u´©Ù�Ý�±��

f(x1, x2, x3) =
Γ(α1 + α2 + α3)

Γ(α1)Γ(α2)Γ(α3)
xα1−1

1 xα2−1
2 xα3−1

3 (12)
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ù�Ò´��/ª�3�Dirichlet ©Ù§=B~α = (α1, α2, α3) òÿ��K

¢ê8Ü§±þVÇ©Ù�´û½Â�"

l/ªþ·��UwÑ§Dirichlet ©Ù´Beta ©Ù3p�Ýþ�í2§¦

ÚBeta ©Ù���´��zC(�§�Ý¼ê�±ÐyÑõ«/�"

Figure 15: ØÓα e�Dirichlet ©Ù

aqu <�iZ2§·���±N��eiZ3§l Ý¥)¤m��Å

êY1, Y2, · · · , Ym
iid∼Uniform(0, 1) ¿4 <w�·�YiÚ(X(k1), X(k1+k2))�'

X�X�"u´kXeiZ4

Algorithm 4 iZ4

1: X1, X2, · · · , Xn
iid∼Uniform(0, 1)§ ü S � é A � ^ S Ú O

þX(1), X(2) · · · , X(n)

2: -p1 = X(k1), p2 = X(k1+k2), p3 = 1− p1− p2(\þp3´�
êÆL�{'é

¡), ·��ßÿ~p = (p1, p2, p3)¶

3: Y1, Y2, · · · , Ym
iid∼Uniform(0, 1), Yi¥á�[0, p1), [p1, p2), [p2, 1] n�«m�

�ê©O�m1,m2,m3§m = m1 +m2 +m3¶

4: ¯��©ÙP (~p|Y1, Y2, · · · , Ym) �©Ù´�o"

�
�B§·�P

~m = (m1,m2,m3), ~k = (k1, k2, n− k1 − k2 + 1)

diZ¥�&E§·��±ín��p1, p23X1, X2, · · · , Xn, Y1, Y2, · · · , Ym
iid∼Uniform(0, 1) ùm + n�ê¥©O¤�
1k1 + m1, k2 + m2��ê§u´

��©ÙP (~p|Y1, Y2, · · · , Ym) AT´Dir(~p|k1 +m1, k1 +m2, n− k1 − k2 + 1 +

m3),=Dir(~p|~k + ~m)"Uì��dín�Ü6§·�Ó��±r±þL§�n

Xeµ
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1. ·��ßÿëê~p = (p1, p2, p3)§Ùk�©Ù�Dir(~p|~k)¶

2. êâYiá�[0, p1), [p1, p2), [p2, 1]n�«m��ê©O�m1,m2,m3§¤

±~m = (m1,m2,m3) Ñlõ�©ÙMult(~m|~p)

3. 3�½
5gêâJø��£~m�§~p ���©ÙC�Dir(~p|~k + ~m)

±þ��d©ÛL§�{ü�*�LãÒ´

Dir(~p|~k) +MultCount(~m) = Dir(~p|~k + ~m)

-~α = ~k,r~α l�ê8Üòÿ�¢ê8Ü§�����±y²kXe'X

Dir(~p|~α) +MultCount(~m) = Dir(~p|~α+ ~m) (13)

±þªf¢Sþ£ã�Ò´Dirichlet-Multinomial �Ý§
·�l±þL§

�±w�§Dirichlet ©Ù¥�ëê~αÑ�±n)�ÔnOê"aquBeta ©Ù§

·���±rDir(~p|~α)�Xe©)

Dir(~p|~1) +MultCount(~m−~1) = Dir(~p|~α)

d?~1 = (1, 1, · · · , 1)"g,§þª·���±aq/^X{��d�*:?1

í�Ú)º"

±þ�iZ·���± �p��ÝþUYí§�XßÿX(1), X(2) · · · , X(n)

¥�4!5! ...��õ�ê§u´Ò���p�Ý�Dirichlet ©ÙÚDirichlet-

Multinomial �Ý"��/ª�Dirichlet ©Ù½ÂXe

Dir(~p|~α) =
Γ(
∑K
k=1 αk)∏K

k=1 Γ(αk)

K∏
k=1

pαk−1
k (14)

éu�½�~pÚN ,õ�©Ù½Â�

Mult(~n|~p,N) =

(
N

~n

) K∏
k=1

pnk

k (15)


Mult(~n|~p,N) ÚDir(~p|~α) ùü�©Ù´�Ý'X"

Beta-Binomail �ÝÚDirichlet-Multinomail �ÝÑ�±^X{êÆ��ª

?1y²§·�3ùü��!¥ÏL��iZ5)ºùü��Ý'X§Ì�´

�`²ù��Ý'X´�±éA�éäN�VÇÔnL§�"
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0.3.4 Beta/Dirichlet ©Ù���5�

XJp ∼ Beta(t|α, β), K

E(p) =

∫ 1

0

t ∗Beta(t|α, β)dt

=

∫ 1

0

t ∗ Γ(α+ β)

Γ(α)Γ(β)
tα−1(1− t)β−1dt

=
Γ(α+ β)

Γ(α)Γ(β)

∫ 1

0

tα(1− t)β−1dt

þªm>�È©éA�VÇ©ÙBeta(t|α+ 1, β)§éuù�©Ù§·�k∫ 1

0

Γ(α+ β + 1)

Γ(α+ 1)Γ(β)
tα(1− t)β−1dt = 1

rþª�\E(p)�O�ª§��

E(p) =
Γ(α+ β)

Γ(α)Γ(β)
· Γ(α+ 1)Γ(β)

Γ(α+ β + 1)

=
Γ(α+ β)

Γ(α+ β + 1)

Γ(α+ 1)

Γ(α)

=
α

α+ β
(16)

ù`²§éuBeta ©Ù��ÅCþ§Ùþ��±^ α
α+β5�O"Dirichlet ©Ù

�kaq�(Ø§XJ~p ∼ Dir(~t|~α)§Ó��±y²

E(~p) =
( α1∑K

i=1 αi
,

α2∑K
i=1 αi

, · · · , αK∑K
i=1 αi

)
(17)

±þü�(Øé­�§Ï�·�3�¡�LDA êÆí�¥I�¦^ù�(Ø"

0.4 MCMC ÚGibbs Sampling

0.4.1 �Å�[

�Å�[(½öÚO�[)�{k��é¤�O¶´�AkÛ�{(Monte

Carlo Simulation)"ù��{�uÐ©u20­V40c�§Ú�f��E�ùM

îOy���'§���A��Ú§�)¿.0!¾.ì�ù!¤�!¤ù!

Nicholas Metropolis§3{IâdC.#dI[¢�¿ïÄ�CÔ��¥fë

£�A��ÿ§m©¦^ÚO�[��{,¿3�@�O�Åþ?1?§¢y"

y��ÚO�[�{�@dêÆ[¿.0JÑ§�Metropolis·¶��A

kÛ�{§�AkÛ´Í¶�Ù|§ÙÆo´ÚÚO��'é�§¤±ù�·
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Figure 16: �Å�[�O�Å

¶º�
b�§é¯��[2��É"�ØLâ`¤��cÒ®²3¢�¥¦

^
§�´vkuL"`å�AkÛ�{�
Þ§�±J��18­V§Ù´�

c^uO�π�Í¶�Ý�¢�Ò´�AkÛ�[¢�"ÚOæ���{Ù¢

êÆ[�é@Ò��§�´3O�ÅÑy±c§�Åê)¤�¤�ép§¤±

T�{�vk¢^d�"�XO�ÅEâ3��­V����×�uÐ§�Å

�[Eâé¯?\¢^�ã"é@
^(½�{Ø�1½Ø�U)û�¯K§

�AkÛ�{~~�<��5F""

Figure 17: �AkÛ�{

ÚO�[¥k��­��¯KÒ´�½��VÇ©Ùp(x)§·�XÛ3O

�Å¥)¤§���"��
óþ!©ÙUniform(0, 1)���´�éN´)¤

�"ÏL�5Ó{u)ì�±)¤��Åê§·�^(½5�{)¤[0, 1]�m

���ÅêS��§ù
S���«ÚO�IÚþ!©ÙUniform(0, 1) �n

ØO�(J�~�C"ù����ÅS�Òk'�Ð�ÚO5�§�±��¤

ý¢��Åê¦^"


·�~��VÇ©Ù§ÃØ´ëY��´lÑ�©Ù§Ñ�±Ä
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Figure 18: )¤��VÇ©Ù���

uUniform(0, 1) ���)¤"~X��©Ù�±ÏLÍ¶�Box-Muller C

���

½n0.4.1 (Box-MullerC�) XJ�ÅCþU1, U2Õá�U1, U2 ∼ Uniform[0, 1]§

K

Z0 =
√
−2 lnU1cos(2πU2)

Z1 =
√
−2 lnU1sin(2πU2)

K§Z0, Z1 Õá�ÑlIO��©Ù"

Ù§A�Í¶�ëY©Ù§�)�ê©Ù!Gamma ©Ù!t ©Ù!F ©

Ù!Beta ©Ù!Dirichlet ©Ù��,�Ñ�±ÏLaq�êÆC���¶lÑ

�©ÙÏLþ!©Ù�\N´)¤"�õ�ÚO©ÙXÛÏLþ!©Ù�C�

)¤Ñ5§�[�±ë�ÚOO��Ö§Ù¥Sheldon M. Ross �5ÚO�[6

´���~Ï�´Ã���"

ØL·�¿Ø´o´ùo3$�§�p(x)�/ªéE,§½öp(x) ´�p

��©Ù��ÿ§���)¤Ò�Ué(J
"�XkXe��¹

1. p(x) =
p̃(x)∫
p̃(x)dx

, 
p̃(x) ·�´�±O��§�´.e�È©ªÃ{wª

O�"

2. p(x, y) ´�����©Ù¼ê§ù�¼ê��O�é(J§�´^�©

Ùp(x|y), p(y|x)�O��é{ü; XJp(x) ´p��§ù«�/Ò�\²

w"

d�ÒI�¦^�
�\E,��Å�[��{5)¤��"
�!¥ò

�­:0��MCMC(Markov Chain Monte Carlo) ÚGibbs Sampling�{Ò´
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�~^��«§ùü��{3y���d©Û¥�2�¦^"�
)ùü��

{§·�Äk�éê¼ó�²­©Ù�5�kÄ��@£"

0.4.2 ê¼ó9Ù²­©Ù

ê¼ó�êÆ½Âé{ü

P (Xt+1 = x|Xt, Xt−1, · · · ) = P (Xt+1 = x|Xt)

�Ò´G�=£�VÇ��6uc��G�"

·�k5wê¼ó���äN�~f"�¬Æ[²~r<UÙ²LG¹©

¤3aµe�(lower-class)!¥�(middle-class)!þ�(upper-class)§·�^1,2,3

©O�Lùn���"�¬Æ[�uyû½��<�Â\����­��Ï

�Ò´ÙI1�Â\��"XJ��<�Â\áue�aO§@o¦�¯f

áue�Â\�VÇ´0.65, áu¥�Â\�VÇ´0.28, áuþ�Â\�VÇ

´0.07"¯¢þ§lI��f�§Â\���Cz�=£VÇXe

f�

State 1 2 3

1 0.65 0.28 0.07

I� 2 0.15 0.67 0.18

3 0.12 0.36 0.52

¦^Ý
�L«�ª§=£VÇÝ
P�

P =


0.65 0.28 0.07

0.15 0.67 0.18

0.12 0.36 0.52


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b��cù��<?3e�!¥�!þ��<�'~´VÇ©Ù�þπ0 =

[π0(1), π0(2), π0(3)]§@o¦��få�©Ù'~ò´π1 = π0P , ¦���

f��©Ù'~ò´π2 = π1P = π0P
2, ......, 1n�f��Â\©Ù'~ò

´πn = πn−1P = π0P
n"

b�Ð©VÇ©Ù�π0 = [0.21, 0.68, 0.11]§K·��±O�cn�<�©

ÙG¹Xe

1n�< e� ¥� þ�

0 0.210 0.680 0.110

1 0.252 0.554 0.194

2 0.270 0.512 0.218

3 0.278 0.497 0.225

4 0.282 0.490 0.226

5 0.285 0.489 0.225

6 0.286 0.489 0.225

7 0.286 0.489 0.225

8 0.289 0.488 0.225

9 0.286 0.489 0.225

10 0.286 0.489 0.225

· · · · · · · · · · · ·

·�uyl17�<m©§ù�©ÙÒ­½ØC
§ù�´ó,�íº·�

���Ð©VÇ©Ùπ0 = [0.75, 0.15, 0.1]ÁÁw§UYO�cn�<�©ÙG¹

Xe

1n�< e� ¥� þ�

0 0.75 0.15 0.1

1 0.522 0.347 0.132

2 0.407 0.426 0.167

3 0.349 0.459 0.192

4 0.318 0.475 0.207

5 0.303 0.482 0.215

6 0.295 0.485 0.220

7 0.291 0.487 0.222

8 0.289 0.488 0.225

9 0.286 0.489 0.225

10 0.286 0.489 0.225

· · · · · · · · · · · ·
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·�uy§�19�<��ÿ, ©ÙqÂñ
"��ÛA�´§üg�½Ø

Ó�Ð©VÇ©Ù§�ªÑÂñ�VÇ©Ùπ = [0.286, 0.489, 0.225]§�Ò´`

Âñ�1�ÚÐ©VÇ©Ùπ0 Ã'"ù`²ù�Âñ1�Ì�´dVÇ=£Ý


Pû½�"·�O��ePn

P 20 = P 21 = · · · = P 100 = · · · =


0.286 0.489 0.225

0.286 0.489 0.225

0.286 0.489 0.225


·�uy§�n v
���ÿ§ù�PnÝ
�z�1Ñ´­½/Âñ

�π = [0.286, 0.489, 0.225] ù�VÇ©Ù"g,�§ù�Âñy�¿�´·�ù

�ê¼óÕk�§
´ý�õêê¼ó��Ó1�§'uê¼ó�Âñ·�k

Xe¤��½nµ

½n0.4.2 XJ���±Ïê¼óäk=£VÇÝ
P ,�§�?Ûü�G

�´ëÏ�§@o lim
n→∞

Pnij �3��iÃ'§P lim
n→∞

Pnij = π(j), ·�k

1. lim
n→∞

Pn =



π(1) π(2) · · · π(j) · · ·
π(1) π(2) · · · π(j) · · ·
· · · · · · · · · · · · · · ·
π(1) π(2) · · · π(j) · · ·
· · · · · · · · · · · · · · ·


2. π(j) =

∞∑
i=0

π(i)Pij

3. π ´�§πP = π ����K)

Ù¥,

π = [π(1), π(2), · · · , π(j), · · · ],
∞∑
i=0

πi = 1

π¡�ê¼ó�²­©Ù"

ù�ê¼ó�Âñ½n�~­�§¤k�MCMC(Markov Chain Monte

Carlo) �{Ñ´±ù�½n��nØÄ:�" ½n�y²�éE,§���

�ÅL§��¥�Ø�y²§¤±·�ÒØ^Å(§�y²
§��^ù�½

n�(ØÒÐ
"·�éù�½n�SN��
)º`²µ

1. T½n¥ê¼ó�G�Ø�¦k�§�±´kÃ¡õ��¶

2. ½n¥�/�±Ï/ù�Vg·�Ø��)º
§Ï�·����ý�õ

êê¼óÑ´�±Ï�¶
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3. ü�G�i, j´ëÏ¿��i �±���Ú=£�j(Pij > 0),
´�i �±

ÏLk��nÚ=£��j(Pnij > 0)"ê¼ó�?Ûü�G�´ëÏ�¹Â

´��3��n, ¦�Ý
Pn ¥�?Û�����ê�Ñ�u""

4. ·�^Xi L«3ê¼óþa=1iÚ�¤?�G�§XJ lim
n→∞

Pnij = π(j)

�3§éN´y²±þ½n�1��(Ø"du

P (Xn+1 = j) =

∞∑
i=0

P (Xn = i)P (Xn+1 = j|Xn = i)

=

∞∑
i=0

P (Xn = i)Pij

þªü>�4�Ò��π(j) =

∞∑
i=0

π(i)Pij

lÐ©VÇ©Ùπ0 Ñu§·�3ê¼óþ�G�=£§PXi�VÇ©Ù

�πi, Kk

X0 ∼ π0(x)

Xi ∼ πi(x), πi(x) = πi−1(x)P = π0(x)Pn

dê¼óÂñ�½n, VÇ©Ùπi(x)òÂñ�²­©Ùπ(x)"b��1nÚ��

ÿê¼óÂñ§Kk

X0 ∼ π0(x)

X1 ∼ π1(x)

· · ·

Xn ∼ πn(x) = π(x)

Xn+1 ∼ π(x)

Xn+2 ∼ π(x)

· · ·

¤±Xn, Xn+1, Xn+2, · · · ∼ π(x) Ñ´Ó©Ù��ÅCþ§�,¦�¿ØÕá"

XJ·�l��äN�Ð©G�x0 m©,÷Xê¼óUìVÇ=£Ý
�a=§

@o·�����=£S�x0, x1, x2, · · ·xn, xn+1 · · · , duê¼ó�Âñ1�§
xn, xn+1, · · · Ñò´²­©Ùπ(x) ���"
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0.4.3 Markov Chain Monte Carlo

éu�½�VÇ©Ùp(x),·�F"UkB$��ª)¤§éA��

�"duê¼óUÂñ�²­©Ù§u´��é�¤��{´µXJ·�

U�E��=£Ý
�P�ê¼ó§¦�Tê¼ó�²­©ÙTÐ´p(x),

@o·�l?Û��Ð©G�x0Ñu÷Xê¼ó=£, ����=£S

�x0, x1, x2, · · ·xn, xn+1 · · · ,§XJê¼ó31nÚ®²Âñ
§u´·�Ò
��
π(x) ���xn, xn+1 · · ·"

ù�ý©��{31953c�Metropolis��
§�
ïÄâfXÚ�²­

5�§Metropolis �Ä
ÔnÆ¥~��Å�[ù©Ù�æ�¯K§ÄgJÑ


Äuê¼ó��AkÛ�{§=Metropolis�{§¿3�@�O�Åþ?§

¢y"Metropolis �{´Ä�Ê·�æ��{§¿éu
�X�MCMC�{§

¤±<�r§À��Å�[EâC��å:"Metropolis�ù�Ø©�Â¹3

5ÚOÆ¥�­�â»6¥§Metropolis�{��×À���­V����­�

��{��"

·��e50��MCMC �{´Metropolis �{���U?C«§=~

^�Metropolis-Hastings �{"dþ�!�~fÚ½n·�w�
§ê¼ó�

Âñ5�Ì�d=£Ý
P û½, ¤±Äuê¼ó�æ��'�¯K´XÛ�

E=£Ý
P ,¦�²­©ÙTÐ´·���©Ùp(x)"XÛU��ù�:Qº

·�Ì�¦^Xe�½n"

½n0.4.3 ([�²­^�) XJ�±Ïê¼ó�=£Ý
PÚ©Ùπ(x) ÷

v

π(i)Pij = π(j)Pji for all i, j (18)

Kπ(x) ´ê¼ó�²­©Ù§þª�¡�[�²­^�(detailed balance con-

dition)"

Ù¢ù�½n´w
´��§Ï�[�²­^��Ôn¹ÂÒ´éu?Û

ü�G�i, j, li =£Ñ��j 
¿��VÇ�þ§TÐ¬�lj =££i �V

Ç�þÖ¿£5§¤±G�iþ�VÇ�þπ(i)´­½�§l
π(x)´ê¼ó�

²­©Ù"êÆþ�y²�é{ü§d[�²­^���

∞∑
i=1

π(i)Pij =

∞∑
i=1

π(j)Pji = π(j)

∞∑
i=1

Pji = π(j)

⇒ πP = π

duπ ´�§πP = π�)§¤±π´²­©Ù"
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b�·�®²k��=£Ý
�Qê¼ó(q(i, j)L«lG�i=£�G

�j�VÇ§��±��q(j|i)½öq(i→ j)), w,§Ï~�¹e

p(i)q(i, j) 6= p(j)q(j, i)

�Ò´[�²­^�Ø¤á§¤±p(x) Ø��U´ù�ê¼ó�²­©Ù"·

��Äéê¼ó���UE§¦�[�²­^�¤áQº�X§·�Ú\�

�α(i, j), ·�F"

p(i)q(i, j)α(i, j) = p(j)q(j, i)α(j, i) (19)

��o��α(i, j) ±þ�ªU¤áQº�{ü�§Uìé¡5§·��±�

α(i, j) = p(j)q(j, i) α(j, i) = p(i)q(i, j)

u´(19)ªÒ¤á
"¤±k

p(i) q(i, j)α(i, j)︸ ︷︷ ︸
Q′(i,j)

= p(j) q(j, i)α(j, i)︸ ︷︷ ︸
Q′(j,i)

(20)

u´·�r�5äk=£Ý
Q���éÊÏ�ê¼ó§UE�
äk=£

Ý
Q′�ê¼ó§
Q′TÐ÷v[�²­^�§ddê¼óQ′�²­©ÙÒ

´p(x)�

3UEQ �L§¥Ú\�α(i, j)¡��ÉÇ§Ôn¿Â�±n)�3�5

�ê¼óþ§lG�i ±q(i, j) �VÇ=a=�G�j ��ÿ§·�±α(i, j)�

VÇ�Éù�=£§u´��#�ê¼óQ′�=£VÇ�q(i, j)α(i, j)"

Figure 19: ê¼ó=£Ú�ÉVÇ

b�·�®²k��=£Ý
Q(éA���q(i, j)), r±þ�L§�n�

e§·�Ò��
Xe�^uæ�VÇ©Ùp(x)��{"
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Algorithm 5 MCMC æ��{

1: Ð©zê¼óÐ©G�X0 = x0

2: ét = 0, 1, 2, · · · , Ì�±eL§?1æ�

• 1t���ê¼óG��Xt = xt, æ�y ∼ q(x|xt)

• lþ!©Ùæ�u ∼ Uniform[0, 1]

• XJu < α(xt, y) = p(y)q(xt|y) K�É=£xt → y§=Xt+1 = y

• ÄKØ�É=£§=Xt+1 = xt

þãL§¥p(x), q(x|y) `�Ñ´lÑ��/§¯¢þ=Bùü�©Ù´ë

Y�§±þ�{E,´k�§u´Ò������ëYVÇ©Ùp(x)�æ��

{§
q(x|y) Ò´?¿��ëY��VÇ©ÙéA�^�©Ù"

±þ�MCMC æ��{®²Ué¤��ó�
§ØL§k����¯Kµ

ê¼óQ3=£�L§¥��ÉÇα(i, j) �U �§ù�æ�L§¥ê¼óN

´�/
Ú§áý�þ�a=§ù¦�ê¼óH{¤k�G��m�s¤��

��m§Âñ�²­©Ùp(x)��Ý�ú"kvk�{J,�
�ÉÇQ?

b�α(i, j) = 0.1, α(j, i) = 0.2, d�÷v[�²­^�§u´

p(i)q(i, j)× 0.1 = p(j)q(j, i)× 0.2

þªü>*�5�§·�U��

p(i)q(i, j)× 0.5 = p(j)q(j, i)× 1

w§·�Jp
�ÉÇ§
[�²­^�¿vk�»�ùéu·��±r[

�²­^�(20)ª¥�α(i, j), α(j, i) Ó'~��§¦�üê¥�������

�1§ù�·�ÒJp
æ�¥�a=�ÉÇ"¤±·��±�

α(i, j) = min

{
p(j)q(j, i)

p(i)q(i, j)
, 1

}
u´§²LéþãMCMC æ��{¥�ÉÇ���UE§·�Ò��
Xe

��Ö¥�~��Metropolis-Hastings �{"

éu©Ùp(x),·��E=£Ý
Q′ ¦Ù÷v[�²­^�

p(x)Q′(x→ y) = p(y)Q′(y → x)

d?x ¿Ø�¦´���§éup��m�p(x)§XJ÷v[�²­^�

p(x)Q′(x→ y) = p(y)Q′(y→ x)
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Algorithm 6 Metropolis-Hastings æ��{

1: Ð©zê¼óÐ©G�X0 = x0

2: ét = 0, 1, 2, · · · , Ì�±eL§?1æ�

• 1t���ê¼óG��Xt = xt, æ�y ∼ q(x|xt)

• lþ!©Ùæ�u ∼ Uniform[0, 1]

• XJu < α(xt, y) = min
{
p(y)q(xt|y)
p(xt)p(y|xt)

, 1
}
K�É=£xt → y§

=Xt+1 = y

• ÄKØ�É=£§=Xt+1 = xt

@o±þ�Metropolis-Hastings �{��k�"

0.4.4 Gibbs Sampling

éup���/§du�ÉÇα��3(Ï~α < 1), ±þMetropolis-

Hastings �{��ÇØ
p"UÄé���=£Ý
Q¦��ÉÇα = 1

Qº·�kww����/§b�k��VÇ©Ùp(x, y), �	x�I�Ó�ü

�:A(x1, y1), B(x1, y2)§·�uy

p(x1, y1)p(y2|x1) = p(x1)p(y1|x1)p(y2|x1)

p(x1, y2)p(y1|x1) = p(x1)p(y2|x1)p(y1|x1)

¤±��

p(x1, y1)p(y2|x1) = p(x1, y2)p(y1|x1) (21)

=

p(A)p(y2|x1) = p(B)p(y1|x1)

Äu±þ�ª§·�uy§3x = x1 ù^²1uy¶���þ§XJ¦^^

�©Ùp(y|x1)��?Ûü�:�m�=£VÇ§@o?Ûü�:�m�=

£÷v[�²­^�"Ó��§XJ·�3y = y1 ù^��þ?¿�ü�

:A(x1, y1), C(x2, y1),�kXe�ª

p(A)p(x2|y1) = p(C)p(x1|y1).
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Figure 20: ²¡þê¼ó=£Ý
��E

u´·��±Xe�E²¡þ?¿ü:�m�=£VÇÝ
Q

Q(A→ B) = p(yB |x1) XJ xA = xB = x1

Q(A→ C) = p(xC |y1) XJ yA = yC = y1

Q(A→ D) = 0 Ù§

k
Xþ�=£Ý
Q, ·�éN´�yé²¡þ?¿ü:X,Y , ÷v[�

²­^�

p(X)Q(X → Y ) = p(Y )Q(Y → X)

u´ù����mþ�ê¼óòÂñ�²­©Ùp(x, y)"
ù��{Ò¡

�Gibbs Sampling �{,dÔnÆ[Gibbs Äk�Ñ�"

Algorithm 7 ��Gibbs Sampling �{

1: �ÅÐ©zX0 = x0Y0 = y0

2: ét = 0, 1, 2, · · · Ì�æ�

1. yt+1 ∼ p(y|xt)

2. xt+1 ∼ p(x|yt+1)

±þæ�L§¥§Xã¤«§ê¼ó�=£�´Ó��÷X�I¶x¶

Úy¶�=£§u´����(x0, y0), (x0, y1), (x1, y1), (x1, y2), (x2, y2), · · · ê¼
óÂñ�§�ª�����Ò´p(x, y) ���§
Âñ�c��ã¡�burn-in

period"�	`²�e§·�w���Öþ�Gibbs Sampling �{�Ñ´�I
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Figure 21: ��Gibbs Sampling �{¥�ê¼ó=£

¶Ó�æ��§�´ùÙ¢´Ør��¦�"�����/�±´§3t��§

�±3x¶Úy¶�m�Å�À���I¶§,�U^�VÇ�=£§ê¼ó�

´��Âñ�"Ó�ü��I¶�´�«�B�/ª"

±þ�L§·�éN´í2�p���/§éu(21)ª§XJx1 C�õ�

�/x1§�±wÑí�L§ØC§¤±[�²­^�Ó�´¤á�

p(x1, y1)p(y2|x1) = p(x1, y2)p(y1|x1) (22)

d�=£Ý
Q d^�©Ùp(y|x1) ½Â"þª�´`²
���I¶��/§

Ú���/aq§éN´�yé¤k�I¶Ñkaq�(Ø"¤±n��m¥

éuVÇ©Ùp(x1, x2, · · · , xn) �±Xe½Â=£Ý


1. XJ�cG��(x1, x2, · · · , xn)§ê¼ó=£�L§¥§�U÷X�

I¶�=£"÷Xxi ù��I¶�=£��ÿ§=£VÇd^�V

Çp(xi|x1, · · · , xi−1, xi+1, · · · , xn) ½Â¶

2. Ù§Ã{÷Xü��I¶?1�a=§=£VÇÑ���0"

u´·��±rGibbs Smapling �{læ����p(x, y) í2�æ�n �

�p(x1, x2, · · · , xn)

±þ�{Âñ�§���Ò´VÇ©Ùp(x1, x2, · · · , xn)���§�,ù


��¿ØÕá§�´·�d?�¦�´æ������ÎÜ�½�VÇ©Ù§

¿Ø�¦Õá"Ó��§3±þ�{¥§�I¶Ó�æ�Ø´7L�§�±3
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Algorithm 8 n�Gibbs Sampling �{

1: �ÅÐ©z{xi : i = 1, · · · , n}
2: ét = 0, 1, 2, · · · Ì�æ�

1. x
(t+1)
1 ∼ p(x1|x(t)

2 , x
(t)
3 , · · · , x(t)

n )

2. x
(t+1)
2 ∼ p(x2|x(t+1)

1 , x
(t)
3 , · · · , x(t)

n )

3. · · ·

4. x
(t+1)
j ∼ p(xj |x(t+1)

1 , · · · , x(t+1)
j−1 , x

(t)
j+1, · · · , x

(t)
n )

5. · · ·

6. x
(t+1)
n ∼ p(xn|x(t+1)

1 , xt2, · · · , x
(t+1)
n−1 )

�I¶Ó�¥Ú\�Å5§ù�ÿ=£Ý
Q ¥?Ûü�:�=£VÇ¥Ò

¬�¹�I¶ÀJ�VÇ§
3Ï~�Gibbs Sampling �{¥§�I¶Ó�´

��(½5�L§§�Ò´3�½��t§3���½��I¶þ=£�VÇ

´1"

0.5 ©�ï�

·�F~)¹¥o´�)�þ�©�§XJz��©��;���©�§

@z�©�l<�*	5`Ò´kS�c�S�d = (w1, w2, · · · , wn)"

Figure 22: �¹m �©����¥

ÚO©�ï��8�Ò´J¯ù
*	���¥¥��cS�´XÛ)¤

�"ÚOÆ�<�£ã�ßÿþ2�iZ§<a�)�¤k���©�·�Ñ
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�±w¤´�����þ23U,¥���f)¤�§·�*	���´þ2


ù�iZ�(J—— cS��¤���§
þ2
ù�iZ�L§é·�´

�çÝf"¤±3ÚO©�ï�¥§·�F"ßÿÑþ2´XÛ
ù�iZ�§

äN�:§�Ø%�ü�¯K´

1. þ2Ñk�o���f¶

2. þ2´XÛ��ù
�f�¶

1��¯KÒ´L«�.¥Ñk=
ëê§�f�z��¡�VÇÑéA

u�.¥�ëê¶1��¯KÒL«iZ5K´�o§þ2�Uk�«ØÓa

.��f§þ2�±Uì�½�5K��ù
�fl
�)cS�"

Figure 23: þ2��f

0.5.1 Unigram Model

b�·��c;¥��kV �cv1, v2, · · · vV§@o�{ü�Unigram

Model Ò´@�þ2´UìXe�iZ5K�)©��"

Game 9 Unigram Model

1: þ2�k���f§ù��fkV �¡§z�¡éA��c, ��¡�VÇ

Ø�¶

2: z��g�f§�Ñ�¡ÒéA��)��c¶XJ��©�¥kn �c§

þ2Ò´Õá��ng�f�)ùn �c¶

þ2�ù�����f��¡�VÇP�~p = (p1, p2, · · · , pV ), ¤±zgÝ

��faqu���g7�ÿ��ã|¢�§�´�ã|¢�¥·���´�

�ü¡��f§
d?��´��V¡��f§·�r�ù�V¡�f�¢�

P�P�w ∼Mult(w|~p)"
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Figure 24: þ2Ý�V �¡��f

éu��©�d = ~w = (w1, w2, · · · , wn), T©��)¤�VÇÒ´

p(~w) = p(w1, w2, · · · , wn) = p(w1)p(w2) · · · p(wn)


©�Ú©��m·�@�´Õá�§¤±XJ��¥kõ�©�W =

( ~w1, ~w2, ..., ~wm), KT���VÇ´

p(W) = p( ~w1)p( ~w2) · · · p( ~wm)

3Unigram Model ¥§·�b�
©��m´Õá����§
©�¥�

c�´Õá����§¤±��©���u���f§p¡C
�
c§
c

�^S&EÒÃ';�
§ù���.�¡�c��.(Bag-of-words)"

b���¥o�cª´N , 3¤k�N �c¥,XJ·�'5z�cvi �u

)gêni§@o~n = (n1, n2, · · · , nV ) �Ð´��õ�©Ù

p(~n) = Mult(~n|~p,N) =

(
N

~n

) V∏
k=1

pnk

k

d�§���VÇ´

p(W) = p( ~w1)p( ~w2) · · · p( ~wm) =

V∏
k=1

pnk

k

�,§·�é­����?ÖÒ´�O�.¥�ëê~p§�Ò´¯þ2Pk

�ù��f���¡�VÇ´õ�§UìÚOÆ[¥ªÇ��*:§¦^��

q,�O��zP (W)§u´ëêpi��O�Ò´

p̂i =
ni
N
.

éu±þ�.§��dÚOÆ��ÚOÆ[¬kØÓ¿�§¦�¬é]G

�1µ�b�þ2Pk�����½��f´ØÜn�"3��dÆ�w5§

��ëêÑ´�ÅCþ§±þ�.¥��f~pØ´���½�§§�´���Å

Cþ"¤±Uì��dÆ��*:§þ2´Uì±e�L§3
iZ�
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Game 10 ��dUnigram Modelb�

1: þ2k��CkÃ¡õ��f��f§p¡k�ª����f§z��f

kV �¡¶

2: þ2l�fp¡Ä
���fÑ5§,�^ù��fØä��§,��)


��¥�¤k�c¶

þ2�ù��fp¡§�f�±´Ã¡õ�§k
a.��fêþõ§k


a.��f�§¤±lVÇ©Ù��Ýw§�fp¡��f~p Ñl��VÇ

©Ùp(~p)§ù�©Ù¡�ëê~p �k�©Ù"

Figure 25: ��d*:e�Unigram Model

±þ��dÆ��iZ5K�b��e§��W�)�VÇXÛO�Qº
du·�¿Ø��þ2�.^
=��f~p,¤±z��fÑ´�U�¦^�§

�´¦^�VÇdk�©Ùp(~p)5û½"éz��äN��f~p,dT�f�)

êâ�VÇ´p(W|~p), ¤±�ªêâ�)�VÇÒ´éz���f~pþ�)�ê
âVÇ?1È©\\¦Ú

p(W) =

∫
p(W|~p)p(~p)d~p

3��d©Û�µee§d?k�©Ùp(~p) Ò�±kéõ«ÀJ
§5¿�

p(~n) = Mult(~n|~p,N)

¢Sþ´3O���õ�©Ù�VÇ§¤±ék�©Ù���'�Ð�ÀJÒ

´õ�©ÙéA��Ý©Ù§=Dirichlet ©Ù

Dir(~p|~α) =
1

∆(~α)

V∏
k=1

pαk−1
k ~α = (α1, · · · , αV )

d?§∆(~α) Ò´8�zÏfDir(~α)§=

∆(~α) =

∫ V∏
k=1

pαk−1
k d~p.
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Figure 26: Dirichlet k�e�Unigram Model

Figure 27: Unigram Model�VÇã�.

£�c���!0��Drichlet ©Ù��
�£§Ù¥é­���:Ò´

Dirichlet k�+ õ�©Ù�êâ−→ ��©Ù�Dirichlet ©Ù

Dir(~p|~α) +MultCount(~n) = Dir(~p|~α+ ~n)

u´§3�½
ëê~p�k�©ÙDir(~p|~α) ��ÿ§��cÑyªg�ê

â~n ∼Mult(~n|~p,N) �õ�©Ù, ¤±ÃIO�§·�Ò�±íÑ��©Ù´

p(~p|W, ~α) = Dir(~p|~n+ ~α) =
1

∆(~n+ ~α)

V∏
k=1

pnk+αk−1
k d~p (23)

3��d�µee§ëê~pXÛ�OQºdu·�®²k
ëê���

©Ù§¤±Ün��ª´¦^��©Ù�4��:§½ö´ëê3��©Ù

e�²þ�"3T©�¥§·��²þ���ëê��O�"¦^þ��!

¥(17)ª�(Ø§du~p ���©Ù�Dir(~p|~n+ ~α)§u´

E(~p) =
( n1 + α1∑V

i=1(ni + αi)
,

n2 + α2∑V
i=1(ni + αi)

, · · · , nV + αV∑V
i=1(ni + αi)

)
�Ò´`éz��pi, ·�^eª�ëê�O

p̂i =
ni + αi∑V

i=1(ni + αi)
(24)
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�Ä�αi 3Dirichlet ©Ù¥�Ôn¿Â´¯��k���Oê§ù��Oªf

�¹Â´é�*�µz�ëê��O�´ÙéA¯��k���OêÚêâ¥

�Oê�Ú3�NOê¥�'~"

?�Ú§·��±O�Ñ©�����)VÇ�

p(W|~α) =

∫
p(W|~p)p(~p|~α)d~p

=

∫ V∏
k=1

pnk

k Dir(~p|~α)d~p

=

∫ V∏
k=1

pnk

k

1

∆(~α)

V∏
k=1

pαk−1
k d~p

=
1

∆(~α)

∫ V∏
k=1

pnk+αk−1
k d~p

=
∆(~n+ ~α)

∆(~α)
(25)

0.5.2 Topic Model ÚPLSA

±þUnigram Model´��é{ü��.§�.¥�b�wå5Lu{ü§

Ú<a�©Ù�)z��c�L§�å'��§kvk�Ð��.Qº

·��±wwF~)¹¥<´XÛ�g©Ù�"XJ·�����©Ù§

  ´k(½��=A�ÌK"�X�g��g,�ó?n�'�©Ù§�

U40% ¬!Ø�óÆ!30% !ØVÇÚO!20% !ØO�Å!�k10%!ØÙ

§�ÌKµ

• `��óÆ§·�N´���c�)µ�{!éf!z0dÄ!é{©
Û!Ì�...¶

• !ØVÇÚO§·�N´��±e�
c: VÇ!�.!þ�!��!y

²!Õá!ê��Åó!...¶

• !ØO�Å§·�N´���c´µS�!M�!?§!�?�!é�!
�{!E,Ý...¶

·��¤±Uêþ��ù
c§´Ï�ù
c3éA�ÌKeÑy�VÇép"

·��±ég,�w�§��©ÙÏ~´dõ�ÌK�¤�!
z��ÌK�

V�±^�TÌK�'�ªÇ�p��
c5£ã"

±þù«�*��{dHoffmnu1999c�Ñ�PLSA(Probabilistic Latent

Semantic Analysis) �.¥Äk?1
²(�êÆz"Hoffman @���©
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�(Document) �±dõ�ÌK(Topic) ·Ü
¤§
z�Topic Ñ´c®þ�

VÇ©Ù§©Ù¥�z�cÑ´d���½�Topic )¤�"eã´=�¥A

�Topic �~f"

Figure 28: Topic Ò´Vocab þ�VÇ©Ù

¤k<ag�Ú�©Ù�1�Ñ�±@�´þ2�1�§·�UY£�þ

2�b�¥§@o3PLSA �.¥§Hoffman @�þ2´UìXe�iZ5K

5)¤©��"

Game 11 PLSA Topic Model

1: þ2kü«a.��f§�a´doc-topic �f,z�doc-topic �fkK �

¡§z�¡´��topic �?Ò¶�a´topic-word �f§z�topic-word

�fkV �¡§z�¡éA��c¶

2: þ2��kK �topic-word �f, z��fk��?Ò§?Òl1 �K¶

3: )¤z�©��c§þ2Ñk�ù�©Ù�E��A½�doc-topic �f§

,�­EXeL§)¤©�¥�c

• Ý�ù�doc-topic �f,����topic ?Òz

• ÀJK �topic-word �f¥?Ò�z�@�§Ý�ù��f§u´�

���c

±þPLSA �.�©�)¤�L§�±ã/z�L«�
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Figure 29: PLSA �.�©�)¤L§

·��±uy3±þ�iZ5Ke§©�Ú©��m´Õá����§

Ó��©�S�c�´Õá����§�´��bag-of-words �."iZ¥

�K �topic-word �f§·��±P�~ϕ1, · · · , ~ϕK , éu�¹M�©���

�C = (d1, d2, · · · , dM ) ¥�z�©�dm§Ñ¬k��A½�doc-topic�f~θm§

¤kéA��fP�~θ1, · · · , ~θM"�
�B§·�b�z�cw Ñ´��?Ò§
éA�topic-word �f�¡"u´3PLSA ù��.¥§1m�©�dm ¥�z

�c�)¤VÇ�

p(w|dm) =

K∑
z=1

p(w|z)p(z|dm) =

K∑
z=1

ϕzwθmz

¤±��©��)¤VÇ�

p(~w|dm) =

n∏
i=1

K∑
z=1

p(wi|z)p(z|dm) =

n∏
i=1

K∑
z=1

ϕzwi
θdz

du©��m�pÕá§·��N´�Ñ�����)¤VÇ"¦)PLSA ù

�Topic Model �L§®o§�.ëê¿N´¦)§�±¦^Í¶�EM �{

?1¦�ÛÜ�`)§duT�.�¦)¿Ø´�©�0��:§k,��Ó

Æë�Hoffman ��©Ø©§d?Ñ�Øù"

0.6 LDA ©�ï�

0.6.1 iZ5K

éuþã�PLSA �.§��dÆ�w,´k¿��§doc-topic �f~θm

Útopic-word �f~ϕkÑ´�.¥�ëê§ëêÑ´�ÅCþ§NoUvkk�
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©ÙQºu´§aquéUnigram Model ���dUE§·���±Xe3ü

��fëêc\þk�©Ùl
rPLSA éA�iZL§UE�����d�

iZL§"du~ϕkÚ~θmÑéA�õ�©Ù§¤±k�©Ù���Ð�ÀJÒ

´Drichlet ©Ù§u´·�Ò��
LDA(Latent Dirichlet Allocation)�."

Figure 30: LDA�.

3LDA �.¥, þ2´UìXe�5K
©�)¤�iZ�

Game 12 LDA Topic Model

1: þ2kü��f��f§1���fC�´doc-topic �f,1���fC�

´topic-word �f¶

2: þ2�Å�l1���f¥Õá�Ä�
K �topic-word �f§?Ò�1

�K¶

3: zg)¤��#�©�c§þ2kl1���f¥�ÅÄ���doc-topic

�f§,�­EXeL§)¤©�¥�c

• Ý�ù�doc-topic �f,����topic ?Òz

• ÀJK �topic-word �f¥?Ò�z�@�§Ý�ù��f§u´�

���c
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b���¥¥kM �©�§¤k��wordÚéA�topic XeL«

~w = (~w1, · · · , ~wM )

~z = (~z1, · · · , ~zM )

Ù¥§~wm L«1m �©�¥�c§~zm L«ù
céA�topic ?Ò"

Figure 31: ��)¤L§¥�word Útopic

0.6.2 ÔnL§©)

¦^VÇã�.L«§LDA �.�iZL§Xã¤«"

Figure 32: LDAã�.L«

ù�VÇã�±©)�ü�Ì��ÔnL§µ

1. ~α→ ~θm → zm,n, ù�L§L«3)¤1m �©���ÿ§kl1���

f¥Ä
��doc-topic �f~θm, ,�Ý�ù��f)¤
©�¥1n �

c�topic?Òzm,n¶
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2. ~β → ~ϕk → wm,n|k = zm,n, ù�L§L«^XeÄ�)¤��¥1m�

©��1n�cµ3þ2ÃÞ�K �topic-word �f~ϕk ¥§]À?Ò

�k = zm,n�@��f?1Ý�§,�)¤word wm,n¶

n)LDA�­��Ò´n)ùü�ÔnL§"LDA �.3ÄuK �topic

)¤��¥�M �©��L§¥§du´bag-of-words �.§k�
ÔnL§

´�pÕá����"dd§LDA )¤�.¥§M �©�¬éAuM �Õá

�Dirichlet-Multinomial �Ý(�¶K �topic ¬éAuK �Õá�Dirichlet-

Multinomial �Ý(�"¤±n)LDA ¤I��¤kêÆÒ´n)Dirichlet-

Multiomail �Ý§Ù§ÑÒ´n)ÔnL§"y3·�?\[!§5wwLDA

�.´XÛ�©)�M +K �Dirichlet-Multinomial �Ý(��"

d1��ÔnL§§·���~α → ~θm → ~zm L«)¤1m �©�¥

�¤kcéA�topics§w,~α → ~θm éAuDirichlet ©Ù§~θm → ~zm éA

uMultinomial ©Ù§¤±�N´��Dirichlet-Multinomial �Ý(�¶

~α−−−−−−−−−−→︸ ︷︷ ︸
Dirichlet

~θm−−−−−−−−−−→︸ ︷︷ ︸
Multinomial

~zm

c©0�Bayesian Unigram Model ��!¥·�éDirichlet-Multinomial �Ý

(��
�
O�"/ÏuT�!¥�(25)ª§·��±��

p(~zm|~α) =
∆(~nm + ~α)

∆(~α)

Ù¥~nm = (n
(1)
m , · · · , n(K)

m )§n
(k)
m L«1m�©�¥1k �topic �)�c��

ê"?�Ú§|^Dirichlet-Multiomial �Ý(�§·���ëê~θm ���©

ÙTÐ´

Dir(~θm|~nm + ~α).

du��¥M�©��topics )¤L§�pÕá§¤±·���M ��

pÕá�Dirichlet-Multinomial �Ý(�§l
·��±������¥topics

)¤VÇ

p(~z|~α) =

M∏
m=1

p(~zm|~α)

=

M∏
m=1

∆(~nm + ~α)

∆(~α)
(26)

8c��§·�dM�©���
M �Dirichlet-Multinomial �Ý(�§

�k�	K �Dirichlet-Multinomial �Ý(�3=�Qº3þ2Uì�c�5
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K
LDA iZ��ÿ§þ2´k��?n�¤��©�§2?ne��©�"

©�¥z�c�)¤Ñ��üg�f§1�g���doc-topic�f��topic,

1�g���topic-word�f��word§zg)¤z�©�¥���c��ÿ

ùüg��f�Ä�´;�Ó�?1�"XJ��¥��kN �c§Kþ2�

���2Ng�f§Ó���doc-topic�fÚtopic-word�f"�¢Sþk�


��f�^S´�±���§·��±�d�N�2Ng��f�gSµcNg

��doc-topic�f����¥¤kc�topics,,�Äu���z�c�topic ?

Ò§�Ng��topic-word�f)¤N �word"u´þ23
LDA iZ��

ÿ§�±�d�UìXeL§?1µ

Game 13 LDA Topic Model 2

1: þ2kü��f��f§1���fC�´doc-topic �f,1���fC�

´topic-word �f¶

2: þ2�Å�l1���f¥Õá�Ä�
K �topic-word �f§?Òl1

�K¶

3: zg)¤��#�©�c§þ2kl1���f¥�ÅÄ���doc-topic

�f§,�­EÝ�ù�doc-topic �f,�z�c)¤��topic ?Òz¶­

EXþL§?nz�©�§)¤��¥z�c�topic ?Ò§�´cÿ�)

¤¶

4: lÞ��§é��¥�z�©�¥�z�topic ?Òz, ÀJK �topic-word

�f¥?Ò�z�@�§Ý�ù��f§u´)¤éA�word¶

±þiZ´k)¤
��¥¤kc�topic, ,�éz�c3�½topic �^

�e)¤word"3��¥¤kc�topic ®²)¤�^�e§?Ûü�word �

)¤Ä�Ñ´����"u´·�r��¥�c?1��§räk�Ótopic �

c�3�å

~w′ = (~w(1), · · · , ~w(K))

~z′ = (~z(1), · · · , ~z(K))

Ù¥§ ~w(k) L«ù
cÑ´d1k �topic )¤�§~z(k) éAuù
c�topic

?Ò§¤±~z(k)¥�©þÑ´k"

éAuVÇã¥�1��ÔnL§~β → ~ϕk → wm,n|k = zm,n§3k = zm,n

���e§��¥?Ûü�dtopic k )¤�cÑ´����§=B¦�Ø2

Ó��©�¥§¤±·�d?Ø2�Ä©��Vg§=
�ÄdÓ��topic

)¤�c"�ÄXeL§~β → ~ϕk → ~w(k) §N´wÑ§d�~β → ~ϕk éA
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uDirichlet ©Ù§ ~ϕk → ~w(k) éAuMultinomial ©Ù§¤±�N��´�

�Dirichlet-Multinomial �Ý(�¶

~β−−−−−−−−−−→︸ ︷︷ ︸
Dirichlet

~ϕk −−−−−−−−−−→︸ ︷︷ ︸
Multinomial

~w(k)

Ó��/Ïu(25)ª§·��±��

p(~w(k)|~β) =
∆(~nk + ~β)

∆(~β)

Ù¥~nk = (n
(1)
k , · · · , n(V )

k )§n
(t)
k L«1k �topic �)�c¥word t��ê"?

�Ú§|^Dirichlet-Multiomial �Ý(�§·���ëê~ϕk ���©ÙTÐ

´

Dir(~ϕk|~nk + ~β).


��¥K�topics )¤words �L§�pÕá§¤±·���K ��p

Õá�Dirichlet-Multinomial �Ý(�§l
·��±������¥c)¤

VÇ

p(~w|~z, ~β) = p(~w′|~z′, ~β)

=

K∏
k=1

p(~w(k)|~z(k), ~β)

=

K∏
k=1

∆(~nk + ~β)

∆(~β)
(27)

(Ü(26) Ú(27) u´·���

p(~w,~z|~α, ~β) = p(~w|~z, ~β)p(~z|~α)

=

K∏
k=1

∆(~nk + ~β)

∆(~β)

M∏
m=1

∆(~nm + ~α)

∆(~α)
(28)

d?�ÎÒL«��Ø
î>, �þ~nk, ~nm Ñ^n L«§Ì�ÏLeI?

1«©§k eI�topic ?Ò, m eI�©�?Ò"

0.6.3 Gibbs Sampling

k
éÜ©Ùp(~w,~z), �U�MCMC �{Ò�±u��^
�u´·�

�±�Ä¦^Gibbs Sampling �{éù�©Ù?1æ�"�,du~w ´*ÿ

��®�êâ§�k~z´Û¹�Cþ§¤±·�ý�I�æ��´©Ùp(~z|~w)"
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3Gregor Heinrich @�ék¶�LDA �.�Ê©ÙParameter estimation for

text analysis ¥§´Äu(28) ªí�Gibbs Sampling úª�"d�!¥·�¦

^ØÓ��ª§Ì�´ÄuDirichlet-Multinomial �Ý5í�Gibbs Sampling

úª§ù�éun)æ�¥�VÇÔnL§k�Ï"

��¥~z ¥�1i�céA�topic ·�P�zi, Ù¥i = (m,n)´����

eI§éAu1m�©��1n�c§·�^¬i L«�ØeI�i�c"@o
UìGibbs Sampling �{��¦§·��¦�?���I¶i éA�^�©

Ùp(zi = k|~z¬i, ~w)"b�®²*ÿ��cwi = t, Kd��d{K§·�N´

��

p(zi = k|~z¬i, ~w) ∝ p(zi = k,wi = t|~z¬i, ~w¬i)

duzi = k,wi = t ��9�1m �©�Ú1k�topic§¤±þª�^�VÇO

�¥, ¢Sþ��¬�9�Xeü�Dirichlet-Multinomial �Ý(�

1. ~α→ ~θm → ~zm

2. ~β → ~ϕk → ~w(k)

Ù§�M +K−2�Dirichlet-Multinomial�Ý(�Úzi = k,wi = t´Õá�"

du3���K1i �céA�(zi, wi)§¿ØUC·��c?Ø�M + K

�Dirichlet-Multinomial �Ý(�§�´,
/��Oê¬~�"¤±~θm, ~ϕk

���©ÙÑ´Dirichlet:

p(~θm|~z¬i, ~w¬i) = Dir(~θm|~nm,¬i + ~α)

p(~ϕk|~z¬i, ~w¬i) = Dir(~ϕk|~nk¬i + ~β)

¦^þ¡ü�ªf§r±þ�{nÜ�e§·�Ò��
Xe�Gibbs Sam-
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pling úª�í�

p(zi = k|~z¬i, ~w) ∝ p(zi = k,wi = t|~z¬i, ~w¬i)

=

∫
p(zi = k,wi = t, ~θm, ~ϕk|~z¬i, ~w¬i)d~θmd~ϕk

=

∫
p(zi = k, ~θm|~z¬i, ~w¬i) · p(wi = t, ~ϕk|~z¬i, ~w¬i)d~θmd~ϕk

=

∫
p(zi = k|~θm)p(~θm|~z¬i, ~w¬i) · p(wi = t|~ϕk)p(~ϕk|~z¬i, ~w¬i)d~θmd~ϕk

=

∫
p(zi = k|~θm)Dir(~θm|~nm,¬i + ~α)d~θm

·
∫
p(wi = t|~ϕk)Dir(~ϕk|~nk,¬i + ~β)d~ϕk

=

∫
θmkDir(~θm|~nm,¬i + ~α)d~θm ·

∫
ϕktDir(~ϕk|~nk,¬i + ~β)d~ϕk

= E(θmk) · E(ϕkt)

= θ̂mk · ϕ̂kt

±þí��O´��©Ù¥�E,�êÆ
§L¡þwþ�E,§�

´í�L§¥�VÇÔn¿Â´{ü²
�µzi = k,wi = t�VÇ�Úü

�Dirichlet-Multinomail �Ý(�'é"
�ª���θ̂mk, ϕ̂kt Ò´éA�ü

�Dirichlet ��©Ù3��dµee�ëê�O"/Ïuc¡0��Dirichlet

ëê�O�úª(24)§·�k

θ̂mk =
n

(k)
m,¬i + αk∑K

k=1(n
(t)
m,¬i + αk)

ϕ̂kt =
n

(t)
k,¬i + βt∑V

t=1(n
(t)
k,¬i + βt)

u´§·��ª��
LDA �.�Gibbs Sampling úª

p(zi = k|~z¬i, ~w) ∝
n

(k)
m,¬i + αk∑K

k=1(n
(t)
m,¬i + αk)

·
n

(t)
k,¬i + βt∑V

t=1(n
(t)
k,¬i + βt)

(29)

ù�úª´é¤��§m>Ù¢Ò´p(topic|doc) · p(word|topic)§ù�V
ÇÙ¢´doc → topic → word �´»VÇ§dutopic kK �§¤±Gibbs

Sampling úª�Ôn¿ÂÙ¢Ò´3ùK ^´»¥?1æ�"
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Figure 33: doc-topic-word ´»VÇ

0.6.4 Training and Inference

k
LDA �.§�,·��8Ikü�

• �O�.¥�ëê~ϕ1, · · · , ~ϕK Ú~θ1, · · · , ~θM¶

• éu#5���©�docnew§·�U
O�ù�©��topic ©Ù~θnew"

k
Gibbs Sampling úª§·�Ò�±Äu��ÔöLDA �.§¿A^

Ôö����.é#�©�?1topic �Â©Û"Ôö�L§Ò´ÏLGibbs

Sampling ¼���¥�(z, w) ���§
�.¥�¤k�ëêÑ�±Äu�ª

æ������?1�O"Ôö�6§é{ü:

Algorithm 14 LDA Training

1: �ÅÐ©zµé��¥z�©�¥�z�cw§�Å�D��topic ?Òz¶

2: ­#×£��¥§éz�cw, UìGibbs Sampling úª­#æ�§

�topic§3��¥?1�#;

3: ­E±þ��¥�­#æ�L§��Gibbs Sampling Âñ¶

4: ÚO��¥�topic-word �yªÇÝ
§TÝ
Ò´LDA��.¶

éuGibbs Sampling�{¢y�[!§�ë�Gregor Heinrich�Parameter

estimation for text analysis ¥é�{�£ã§±9PLDA ��è¢y§d?Ø

2Kã"

dù�topic-word ªÇÝ
·��±O�z��p(word|topic)VÇ§l

�Ñ�.ëê~ϕ1, · · · , ~ϕK ,ùÒ´þ2^�K �topic-word�f"�,§��¥

�©�éA��fëê~θ1, · · · , ~θM 3±þÔöL§¥�´�±O�Ñ5�§�
�3Gibbs Sampling Âñ��§ÚOz�©�¥�topic �ªÇ©Ù§·�Ò

�±O�z��p(topic|doc) VÇ§u´Ò�±O�Ñz��~θm"duëê~θm
´ÚÔö��¥�z�©��'�§éu·�n)#�©�¿Ã^?§¤±ó
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§þ�ª�;LDA �.�ÿ��vk7��3"Ï~§3LDA �.Ôö�L

§¥§·�´�Gibbs Sampling Âñ���n �S��(J?1²þ5�ëê

�O§ù��.�þ�p"

k
LDA ��.§éu#5�©�docnew, ·�XÛ�T©��topic �

Â©Ù�O�QºÄ�þinference �L§Útraining �L§��aq"éu#

�©�§·���@�Gibbs Sampling úª¥�ϕ̂kt Ü©´­½ØC�§´d

Ôö������.Jø�§¤±æ�L§¥·����OT©��topic ©

Ù~θnewÒÐ
"

Algorithm 15 LDA Inference

1: �ÅÐ©zµé�c©�¥�z�cw§�Å�D��topic ?Òz¶

2: ­#×£�c©�§UìGibbs Sampling úª§éz�cw, ­#æ�§

�topic;

3: ­E±þL§��Gibbs Sampling Âñ¶

4: ÚO©�¥�topic©Ù§T©ÙÒ´~θnew

0.7 �P

LDA éu;��ÅìÆS�73
ó§�U�´��{ü�Topic Model"

�´éupé�¥�êâ�÷!�Â©Û�ó§�§LDA ���¿Ø$"

LDA ;.�áuù��«ÅìÆS�.µ��n)§§I�'�õ�êÆ�

µ§�3ó§þ?1¢y§%�é{ü"Gregor Heinrich �LDA �.�Ê©

ÙParameter estimation for text analysis ���~�ÑÚ§ù´ÆSLDA �7

w©Ù"ØL=B´ù�©Ù§éuó§��´k���"·��ù��Ê�

ÐéìGregor Heinrich �ù�©Ù5w§·^�êÆÎÒ�´¦�UÚù�©

Ù�±��"

ù°LDA �Ê´Äu�|S73��w�ppt �n
¤�§`´�ÊÙ¢

�Ø{ü§�9��êÆ�´�õ"3ó�.�·
Ac§²~aú�ó§�

éuÆâ.�
��.kér�ÆSÚ}Á��"§�´ÆS¤�  �p"

¤±·�LDA �Ð©Ò´��ó�.�ó§��w�§F"rÆâ.
��


�.^�éÏ���ª0��ó§�¶XJù��ÊéuÖïÄ)��
73

*~�k¤éu§�U`@´��side effect :-)"

·�<éU�LDA §§´3©�ï�¥���~`ä��.§�'u

éõÙ§���d�.§LDA 3êÆí�þ{'`{"Æâ.g2003 c

±5�ÑÑ
éõÄuLDA �Topic Model �CN§��n)ù
�\p
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?�Topic Model, ÄkI�éÐ�n)IO�LDA �."3ó�.§Topic

Model 3Google!Baidu ��úi��¬��Â©Û¥ÑkX­��A^¶¤

±Topic Model éuó§�
ó§ù´��ékA^d�!��ÆS��."

·�>Topic Model ��mØ�§Ì�´du2ccÚPLDA ��öWangyi �

åÜ��L§¥§l¦�þÆ�
éõTopic Model �¡��£"'uLDA �

�'�£§Ù¢�±���kéõµXÛJpLDA Gibbs Sampling��Ý!X

Û`z�ëê!XÛ��5�¿1z!LDA �A^!LDA ��«CN...... Ø

L·�Ì�8I�´�ÊXÛn)IO�LDA �."

ÆS���.��ÿ·U�J��
§~~F"r�.¥�z��êÆí

��[!t²x§rúª�Ôn¿Â��Ù§ØLêÆí���¿Ø´·��

�§rêÆí����ÔnL§â´·W¿��¯"��Ú^�eÔnÆ[¤

ù�¶ó(åLDA �êÆ�Êµ

What I cannot create, I do not understand.

— Richard Feynman
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